Abstract. The increasing population in large cities and the unbalanced urban growth associated with massive use of private cars in metropolitan areas often lead to traffic jams and road congestion that warrant the construction of such capital-intensive buildings as off-street public parking facilities. However, the initial problem in such projects is locating a suitable spot where all citizens can be conveniently served and the traffic load in busy city centers can be reduced by removing the need for on-street parking facilities. In this paper, an urban transportation network including, a number of parking demand points, a set of possible sitting locations, and several entry points of traffic flow are considered. Four objectives are generally considered for the public off-street parking location problem that include reducing traffic congestion, maximizing coverage demand, minimizing walking distance between demand points and new parking facilities, and decreasing related costs. The flow-capturing model has been exploited to develop two approaches for minimizing traffic congestion. Based on these approaches and other objectives, two models have been proposed. The covering distance of parking facilities will be uncertain in these models. Traffic flow entry points, driver's path, and different types of parking lots have also been considered. Finally, relevant information and data required for implementing the proposed models were collected on two traffic zones in Central Business Districts (CBD) of Isfahan (Iran). Then, the ε-constraint method was used to solve the proposed multi-objectives models and the best candidate points for establishing new off-street parking facilities were determined.
Introduction
Traffic congestion is a major problem in metropolitan cities. It is being aggravated by such factors as growing urbanization, concentration of activities in Central Business Districts (CBD), population influx, and poor public transport systems. This is while problems such reducing street capacity due to on-street parking, irregular and slow movement of cars searching for vacant car park spaces, and delays caused by entering or leaving a car park in the street leads to even more traffic jams and road congestion. One of the negative effects that can be associated to parking in urban region is the presence of cruising traffic. That is, drivers may need to drive around whereas searching for a vacant parking spot. This leads to additional traffic on the urban network (Chaniotakis, Pel 2015) . Construction of off-street parking lots seems to offer one possible solution to the situation. Such facilities naturally need to be erected in the right location in order to ensure that the objectives justifying the investment are achieved and that the citizens are properly served. As in all other public projects, there are different stakeholders such as the local government, investors, and users. Hence, a solution is required that satisfies all the stakeholders. Another question that must be addressed is the selection of the right off-street parking lot from among the different surface, multi-story, underground, roofed, and mechanical types (Shahi 2011) . Each has its own costs and provides a different capacity. Thus, the type of parking lot forms a decisionmaking parameter. The main objective of the present study is to determine the best location and the most appropriate type of new off-street parking facilities to achieve maximally reduced traffic congestion, to provide maximum coverage at demand points, and to minimize the walking distances among the facilities at the lowest total costs. In Section 2, previous studies of the off-street parking location problem are reviewed. In Section 3, the assumptions of the problem and the models proposed will be presented. Section 4 will describe the data collection method, implementation of the models, and the results obtained from the implementing proposed models for two different traffic zones of CBD's in Isfahan (Iran) as a case study. Finally, conclusions and suggestions will be presented in the last Section.
Literature review
Facility location has of long been considered as an important decision-making problem. However, the formal study of facility location started in 1909 when Weber studied the location of a warehouse such that all the distances between the warehouse and various customers were minimized (Drezner, Hamacher 2002) . The facility location theory has ever since been employed and different models have been developed with various applications in different fields. The models thus far developed can be classified from different aspects but they are generally are classified into discrete, continuous, and network-based models, based on their solution spaces. Eight basic models may be exploited for locating a given facility on a network; they include: set covering, maximal covering, P-center, P-dispersion, P-median, fixed charge, hub and maxisum (Drezner, Hamacher 2002) . One important aspect of urban transportation system that plays an important role in decreasing traffic congestion is off-street parking facilities. Many studies have been conducted on parking facilities locations some of which are based on Geographic Information Systems (GIS) and Analytical Hierarchy Process (AHP). Ghanbari and Ghazi Asgar (2011) identified the following five criteria for determining parking lot location: distance from absorbtion centers, proximity to busy streets, suitable land use for parking, value of property, density of inhabitants. They calculated the weight of each criterion by pairwise comparison and tested different methods of compound overlay including the Boolean, multiple weighting, and fuzzy logic. In next stage, they prepared a utility map using each of these methods and found that the fuzzy logic provided the best results. Jelokhani-Niaraki and Malczewski (2015a) in their study presented a Web-based group GIS-MCDA approach to address the issue of parking lot location in Tehran. They claimed that the integration of GIS and Multi-Criteria Decision Analysis (MCDA) capabilities into the Web platform has offered an effective MultiCriteria Spatial Decision Support System (MC-SDSS) with which to involve different groups in parking lot selection processes. They believed the system makes it possible to find appropriate locations that may reconcile the various and conflicting objectives resulting from different views and the final site selection outcome that can be generally accepted. Aliniai et al. (2015) in their study aim at finding the most suitable sites for public parking lots considered five criteria of 'distance from travel absorber centers' , 'distance from passages' , 'the cost of real estate' and 'suitable land uses for parking lots' , while 'unsuitable land uses for public parking spaces' such as historical places were regarded as a constraint factor and excluded from being further analysed. Using pair wise comparisons the selected criteria were weighted and then by applying Boolean Method and fuzzy Ordered Weighted Average (OWA) the map layers were finally overlaid. The other GIS-based studies on parking location adopted the same methodology but only changed the criteria or the layers combining procedures (Tang et al. 2013; He et al. 2015; Jelokhani-Niaraki, Malczewski 2015b) .
A number of studies adopted the mathematical modelling approach. Dirickx and Jennergren (1975) used an assignment model for determining the optimum allocation of existing parking spaces with different types of parking demand. Goyal and Gomez (1984) proposed a linear programming model for determining the optimum allocation of campus car parking facilities to different classes of users. Wey (2003) assumed that parking demand changes over a given time horizon and P new parking lots have to be located at given times. The problem is to find the best location for the new parking facilities. Chiu (2005) considered two objective functions. The first is to maximize parking demand fulfilled by parking facilities and the second is to minimize the total social costs which include construction costs, operating and maintenance costs for operators, walking cost for users, the costs of reducing air and noise pollution covered by all people, and the penalty cost for the unfulfilled demands. Wang et al. (2008) in their study tried to determine the best locations for public parking facilities with the objective of minimizing both the total cost and the weighted distance between the parking facilities and demand points. Here, the number of new parking facilities is unknown but efforts are made to satisfy the total parking demand with the minimum number of parking lots.
Most previous studies have used one objective function. However, multiple objectives are preferred due to the nature of the public parking location problem and the requirement to satisfy various stakeholders' demands. In addition to these parameters, the present study will also include flow entry points, driver's route, and the existing parking lots that have been neglected in most previous studies on the parking facility location problem. Moreover, most parameters have been generally assumed to be deterministic, which will receive a non-deterministic treatment in this study.
Problem definition and modelling
In this research, it is assumed that part of the urban transportation network includes a number of parking demand points (places where attract trips) and a number of candidate points for locating parking lots where cars arrive from different points and routes. It is further assumed that cars enter the area from different points (called flow entry points) at a certain or pre-specified rate. In addition, there is a possibility to locate any type of parking lot at any candidate point but only at varying costs and with different capacities depending on the parking type selected. Since the distance of parking lot for different demand points are not the same, in this paper the coverage distance considered uncertain. If the distance between demand point and a parking lot is less than Dc 1 , then the car drivers willing to go to the parking lot. As this distance increases, the likelihood of people to use this car park is reduced. If the distance is longer than Dc 2 , in this case the car drivers reluctant to go to the parking lot.
In addition to these assumptions, the following assumptions are considered in this study:
-the distance between a demand point and a candidate point is calculated based on the walking distance. -the distance between flow entry points and candidate points and that between flow entry points and demand points are calculated based on the distance travelled by car. -the distance between various points are considered equal to the shortest path between them on the network and are calculated based on the distance between the centers of gravity. -a number of parking facilities already exist in the region.
Notations used
The notations for this problem are defined as follows.
Parameters
I -the set of parking demand points i; J -the set of parking facilities j; K -the set of flow entry points indexed by k; P -the set of parking facilities types indexed by Dc 1 -lower bound of coverage distance; Dc 2 -upper bound of coverage distance; n -number of new off-street parking facilities; M -a large constant; Mf -another large constant.
Decision variables
y jp -if a parking type P is located at candidate point j, 1; otherwise, 0; x kijp -the amount of parking demand from entry point k to demand point i served by parking type p located at candidate point j; z ki -the unsatisfied demand at point i of entry point k; v jp -the free capacity at candidate point j if parking type p is located.
Objective functions
In this paper, four objectives are considered for the public parking location problem. The first involves minimizing traffic congestion. The second and third are combined together and meant to maximize the demand covered and minimize the distance walked. Finally, the fourth objective is to minimize different costs.
Minimizing traffic congestion
One of the objective functions in the parking location problem is minimizing the traffic volume in the region. For this purpose, it is necessary to consider the entry points of traffic flow to the region. This objective can be achieved through two approaches.
First approach
This approach aims to minimize traffic congestion by minimizing the travel distance between flow entry points and new parking lots. Equation (1) shows the objective function of minimizing traffic congestion based on this approach:
The first part of this equation is the product of the distance between flow entry points and new parking lots in the demand served by these parking lots. It should be noted that this part of the objective function is only applied for demand points and the candidate points located within the maximum coverage distance (otherwise, q ij is equal to zero). The second part ensures that if a candidate point j does not cover the demand point i, x kijp should be zero.
The last term in this equation forces the model to reduce the amount of unsatisfied demand; in other words, the amount of traffic congestion caused by unsatisfied demands will be minimized. The objective function is expressed in number of cars at travelled distance (the volume of traffic).
Second approach
This approach seeks to maximize the distance between demand points and new parking lots in order to reduce the volume of traffic in the region. Put differently, it tries to maximize the flow capture from the network, that is, drivers can find a parking lot on their way to their points of destination (Khakbaz et al. 2013) .
Based on this approach, the objective function of maximizing traffic congestion reduction can be written as in Equation (2). Given that the distance between demand points and new parking lots depends on different points of flow entry, it will be necessary to consider traffic flow entry points. In Equation (2), the product of distances between demand points and new parking facilities in the amount of parking demand between these points is expressed:
This objective function aims at maximizing the distance between demand points and new parking lots, but the coefficient q ij in Equation (2) ensures that these points do not exceed the upper bound of coverage distance. Like the previous approach, this objective function is expressed in number of cars in travelled distance.
Maximizing coverage demand and minimizing walking distance
One of the objectives considered for enhancing the productivity of off-street parking facilities is maximizing the coverage demand (Chiu 2005) . Minimizing the walking distance is another objective that has attracted much attention (Ghanbari, Ghazi Asgar 2011; Wey 2003; Chiu 2005; Wang et al. 2008) . In this study, these two functions are considered together while it is assumed that the coverage distance is uncertain.
A utility criterion u ij based on the distance between demand points and candidate points is defined between zero and one. In this research, two coverage distances are considered. If the distance between the demand point and the candidate point is less than the lower bound of coverage distance Dc 1 , the utility criterion is equal to one. The value decreases as the distance increases until the distance exceeds the upper bound of coverage distance Dc 2 when the value for the criterion will be equal to zero. Equation (3) calculates the value for this criterion:
Assuming that ( ) ij f d is calculated by Equation (4), Figure 1 shows u ij on the basis of different distances between demand and candidate points:
According to the utility criterion defined above, the objective function of maximizing coverage demand is given by Equation (5) in which, the parking coverage distance is assumed to be uncertain. Other purpose of this equation is to minimize the walking distance between parking facilities and demand points. This function is expressed in demand value:
Minimizing different costs
Another objective is minimizing the costs as shown in Equation (6):
The first component of the objective function captures the costs of property acquisition, facility construction, and annual operation and maintenance. The second component expresses the penalty cost for unsatisfied demands. In order to express these different components in the same unit, costs are calculated on an annual basis. Assuming that the parking fee is based on the total costs per unit of car park, minimizing the value for this criterion will minimize the parking fee.
Proposed models
Based on the different approaches cited above and considering the objectives described, two multi-objective models are proposed which are named MOPLP1 (Multi-Objective Parking Location Problem1) and MOPLP2. The first objective functions in these two models are not identical.
MOPLP1 model
This model is based on the first approach as follows: Figure 1 . Utility criterion based on the distance between demand and candidate points
Pc z (6) subject to:
Constraint (7) ensures that the parking demand at any demand point is either served by a facility or considered as an unsatisfied demand. Constraint (8) determines the total demand assigned to each facility and insures that the allocated demand to each candidate point is not greater than its capacity. Constraint (9) indicates that one type of parking lot can only be deployed at any candidate point. Constraint (10) states the number of new off-street parking facilities to be built. Relations (11)-(14) represent decision variables of the model.
To take into account the existing parking lots in proposed model, they are assumed to be candidate points which have been located before. It is also necessary that the number of existing parking lots is added to the number of new parking lots, while the costs of land acquisition and construction for the existing parking facilities are taken to be zero.
MOPLP2 model
This model has been developed based on the second approach:
subject to:
Case study
Isfahan is the third largest city in Iran. It is the center of Isfahan Province and due to its historical, cultural, and industrial attractions has a relatively high population growth. The city is currently experiencing a lot of traffic problems. One of these is the lack of enough parking spaces in its busy central region. A recent study on Isfahan transportation system reported that Isfahan consists of 321 traffic zones including 181 internal zones, 131 external zones, and 9 link zones (Dehnavi et al. 2013 ). The traffic zones 1 to 12 are part of the internal zones, which are located in the CBD of the city. The historical centers, several administrative and service buildings, and major marketplaces in these zones have always been the source of traffic problems in these centers. Figure 2 depicts this problematic area. Table 1 and Figure 3 show the average quantity of parking spaces lacking in these zones for different hours of the day (Eskandari 2012) . As shown in Figure 3 , zone 12 has the highest shortage of parking spaces followed by zones 4, 5, 6 and 7. The peak hour for the observed shortage of parking spaces is different in different traffic zones. Depending on the nature of each traffic zone, the peak hour for some zones occurs in the morning but for others it occurs in the evening. In this study, zones 4 and 12 were considered as the study area for the location of off-street parking lots due to their proximity and their high shortage of parking spaces.
Data collection
In order to implement the models for locating parking lots in the study area, the required data were gathered.
Considering the urban development plan of Isfahan which in it the number of parking spaces required for different land uses has been separately specified (Naghsh e Jahan-Pars 2008), a number was assigned to each demand point, these numbers were then normalized (divided by their sum) and thus, the weights for the demand points were determined. In the next step, the demand for these points were calculated by multiplying the peak hour parking demands (zones 4 and 12) times the weights of the demand points (Eskandari 2012) .
Demand points
To determine the demand points, the different land uses and urban facilities existing in a neighbourhood were classified based on distance and area, and each category was considered as a demand point. A view of the study area and demand points in this region is shown in Figure 4 . Table 1 . Average parking space lacking in each traffic zone at different hours on each day of the week (Eskandari 2012) Hour Traffic zones   1  2  3  4  5  6  7  8  9  10  11  12   8  0  0  33  0  331  0  121  0  243  0  0  780  9  137  0  245  0  863  1118  832  0  450  0  0  1690  10  269  0  452  78  1160  1596  1078  0  481  0  0  2140  11  285  0  392  205  1328  1556  1024  0  480  0  0  2043  12  167  0  205  0  986  1026  738  0  320  0  0  1613  13  0  0  0  0  384  68  240  0  211  0  0  1082 
Flow entry points
For the purposes of this study, it is assumed that the traffic flows into the study area from various entry points (origins of traffic flow). Given the existing paths, 7 flow entry points were identified for this area. In Figure 4 shows the entry points of traffic flow in the study area. Using origin-destination information, the number of cars entering the study area was determined. Then, by conducting a field study, the ratio of entering cars from each entry point was identified. The demands of entry points was calculated by multiplying these ratios with the number of cars entering the study area (Eskandari 2012) .
Candidate points and available parking lots
In this study, candidate points were selected for building parking lots based on the detailed development plan of Isfahan while some were also recommended by the Transportation and Traffic Department (TTD) of Isfahan Municipal Government. Ultimately, 11 candidate points were determined. In the next step, the existing public parking lots in the study area were identified. Table 2 shows the details on these parking lots. The candidate and existing parking lots in the study area are shown in Figure 5 in which candidate points are designated by numbers 1 to 11 and locations of existing parking lots by numbers 12 to 21. Among the existing parking lots, three (namely, Siyosepol, Enghelab and Abas-Abad designated by numbers 12, 13 and 14) are of the surface type that may be changed to other types of parking lot.
Three types of surface, multi-story, and mechanical parking lots are considered for construction in the study area. In each candidate point, one type of parking lot can be constructed. Table 3 shows the required space per unit for different parking lot types (Tehran Barnamerizi Shahri 2006) . The capacity of each candidate point for each type of parking facility was determined based on the assumption that the maximum floor number allowed in the study area is 5.
To determine the utility criterion and the value of q ij , the detailed development plan of Isfahan was considered and the upper and lower bounds of coverage distance were taken to be 300 and 150 meters, respectively (Naghsh e Jahan-Pars 2008). Furthermore, the various car park costs for each parking type were determined using expert views of TTD. It is also assumed that the annual penalty cost per unit of unsatisfied demand (Pc) is equal to 250 EUR. In this case study, the number of variables and constraints is 29246 (including 63 binary and 29183 continuous variables) and 530, respectively. 
Model solution

The single-objective problem
The GAMS 22.1 software and CPLEX solver were used for solving the MOPLP1 model to obtain the ideal solution for each objective function (Rosenthal 2016) . The results are presented in Tables 4-6 , where in these tables Z 1 , Z 2 and Z 3 are in kilometers, number of cars, and thousand EUR per year, respectively. Since the optimum Figure 5 . Candidate points and existing parking lots in the study area
Candidate points
Available parking lots solutions of the single-objective functions of MOPLP1 are not the same, the optimal orientations of the three objective functions may be said to be different. It will, therefore, be necessary to use multi-objective decision making methods for solving the problem and to select the best answer obtained. The results obtained from solving the single-objective MOPLP2 are shown in Tables 7-9 . Clearly, the optimal solutions are not the same in this case, either. It follows then that Multi-Objective Decision-Making (MODM) methods should be used for solving the model.
MODM methods
MODM methods are concerned with mathematical optimization problems involving more than one objective function to be optimized simultaneously. In contrast to single-objective optimization problems, a Multi-objective Optimization Problem (MOP) may have not just one, but many optimal solutions. Due to the many and often competing objectives in a MOP, there are several trade-off solutions, which are optimal in the sense that there is no better solution for any of the objective functions simultaneously. These optimal solutions are called Pareto-optimal solutions. MODM methods are classified into four classes according to the decision maker's intervention (Figueira et al. 2005) :
-methods without the decision maker's intervention; -methods in which basic information are obtained from the decision maker beforehand; -interactive methods; -methods in which the decision maker's opinion are applied after problem solving. From another point of view, MODM methods can be divided into two general classes including: methods leading to satisfactory solutions and those leading to efficient solutions. In this study, the ε-constraint method is utilized. It has been proved that the unique solution Table 4 . Single-objective optimal solving of MOPLP1 by first objective for every n n Z 1 Table 8 of this method is an efficient solution (Ehrgott 2005) . It is also worth mentioning that the decision maker's comments are applied after solving the problem.
The ε-constraint method
Consider 
By effecting changes in the RHS of the constrained objective functions ε j , the various efficient solutions of the problem are obtained. Eventually, after enough efficient solutions have been generated, the decision maker selects the preferred solution based on the weights assigned to various objective functions. The ε-constraint method has several advantages including the ability to generate different efficient solutions from various parts of the solution space as well, no need for scaling the objective functions, and simplicity. Its shortcomings include the efficiency of the optimal solution obtained is not guaranteed and the ranges of the objective functions should be specified in order to generate the grid points that will act as RHS (Nosoohi, Hejazi 2011) .
Implementation of the MOPLP1 model
In order to implement the ε-constraint method, the first objective function (minimizing traffic congestion) was chosen as the objective function and the other objectives were added to the constraints. Equation (17) shows how this method is implemented for the MOPLP1 model. The model was solved in GAMS 22.1 using CPLEX solver in a 2.13 GHz, 1 GB RAM machine. Ten efficient solutions were obtained for n = 0 (the number of new off-street parking equals to zero) and by different values of ε j as shown in Table 10 where, the values for the objective functions ε j and the type of existing parking facilities are also shown for each of the efficient solutions (Rosenthal 2017) . As can be seen, no new parking facilities are required but the type of the existing ones have changed as per the solutions obtained. Table 10 is like a decision-making matrix in which rows represent alternatives while the second, third, and fourth columns represent different criteria. Each of the matrix elements is called r ij . The fuzzy dimensionless method is represented by Equation (18) for a positive index (like the second objective function) and by Equation (19) for a negative indicator (such as the first and third objective functions). The measurement scale in this method ranges between zero and one such that zero represents the worst and one represents the best answer (Tzeng, Huang 2011) . The results of this dimensionless method are presented is Table 11 .
where: n ij -normalized element of r ij . To select the best solution among the efficient ones, AHP was used as shown in Figure 6 . Assuming the same weights for the different objectives (indices) and using the Expert Choice software, the weight of each efficient solution for the off-street parking location was obtained. Based on the results shown in Table 12 , the tenth efficient solution was found to be the best (preferred) solution.
In a similar manner, the preferred solutions for other values of n (n = 1, …, 11) can be obtained for different numbers of new parking facilities. Table 13 shows the preferred solutions selected for different values of n in the MOPLP1 model (the model took approximately 20 s to run). As can be seen, the multi-story or mechanical type has often been selected for new parking facilities since surface parking lots are not economical to construct in the city center.
Clearly, the mechanical type has been proposed for small values of n but the multi-story type is often selected for higher values of n. The reason for this is that the shortage of parking spaces in the study area will be high for small values of n so that parking lots with high capacities such as the mechanical type will be needed. This shortage reduces with increasing values of n. Therefore, the need for high capacity parking lotsthat also warrant high costs -will be reduced. Using this model, the prioritized candidate points were determined as presented in Table 13 .
Implementation of MOPLP2 model
In a fashion similar to what went above on MOPLP1, the preferred solutions may be obtained by the MO-PLP2 model based on different numbers of new parking facilities. Table 14 presents the preferred solutions that are finally selected by the MOPLP2 model based on different values of n. Due to the differences between the approaches adopted for reducing traffic congestion, the process of prioritizing candidate points will be somewhat different in the two models. 
Conclusions
In this study, the location theory was employed to investigate the public parking lot location problem. In addition, the multi-objective mathematical programming was used to satisfy the stakeholders by the different objectives. The objectives considered here included minimizing traffic congestion, maximizing the coverage demand, and minimizing the walking distances and different costs. For reducing traffic congestion, two different approaches were proposed and the flow entry points and vehicle paths were taken into account. The first approach was based on the distance between entry points and new parking facilities while the second was based on the distance between demand points and new parking facilities. Based on these two approaches, two different models were developed. The objective functions of maximizing covered demand and minimizing walking distances were combined and the coverage distance of the parking facilities was assumed to be uncertain. Due to differences in capacity and costs associated with each parking lot type, different types of parking facilities were considered.
To evaluate the models, their performance was investigated in the CBD of Isfahan (Iran). The two traffic zones 4 and 12 located in the central district that suffer from shortage of parking spaces were selected as the study area for implementation of the models. The required data were collected for both zones. The ε-constraint method was then used to solve the proposed multi-objective models and the preferred solution among the efficient solutions generated was selected based on the AHP technique. The results indicate the location and type of new parking facilities, the best type of parking lot for the existing facilities, and the quantity of satisfied demand.
It was assumed that the utility of each candidate point from the perspective of demand points is the distance between the points whereas this utility criterion can also be related to other issues such as demand level, the capacity of the candidate points, parking fees, etc. For further study, the actual value of this utility can be more exactly determined by properly identifying the factors affecting this criterion. Another area for future research is considering different coverage distances based on different trip objectives. Most of the parameters used in this problem have been assumed to be given. For a more realistic problem, stochastic values and fuzzy variables may be used to develop new models.
